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Abstract 

We show there exists a rigid monoidal category formed out by quantum 
spaces with an additional structure, such that FRT bialgebras and cor- 
responding rectangular generalizations are its internal coEnd and coHom 
objects, respectively. This enable us to think of them as the coordinate 
rings of 'quantum spaces of homomorphisms' that preserve the mentioned 
structure. The well known algebra epimorphisms between FRT bialgebras 
and Manin quantum semigroups translate into 'inclusions' of the corre- 
sponding quantum spaces, as the space of endomorphisms of a metric 
linear space V is included in gl (V). Our study is mainly developed for 
quadratic quantum spaces, and later generalized to the conic case. 

1 Introduction 

Given a finite dimensional k-vector space V and a linear endomorphism R of 
V ® V, a universal bialgebra A (M) can be constructed Pj. The assignment of 
A (R) to each pair (V,R) is known as FRT construction [2]. Every A (R) is a 
generically non commutative quadratic algebra generated by a finite dimensional 
coalgebra, more precisely, by linearly independent coefficients of a multiplicative 
matrix t 3 . This is why they are called quantum matrix bialgebras. Given a 
basis {vi} of V, coefficients of t are identified with the elements = Vi of 
V* (g) V, and the quadratic relations they must satisfy are sometimes written 

R^j tr - t\ M^r; \ J, n,m^l, dim V, 

being R^j e k the coefficients of M in the given basis. 

Quantum matrix bialgebras arc the 'dual' version of quantum universal en- 
veloping algebras, such as Drinfeld-Jimbo 4^ quantized Lie bialgebras Uq (g).^ 

^It is worth mentioning we are not asking for R to be a Yang-Baxter operator. If this were 
the case, R would indicate the so called ij-matrix. 
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On the other hand, they are quotient of Manin quantum {semi) groups end [V] 
0, i.e. the internal coEnd objects of the monoidal category QA of quadratic 
algebras. In other words, there exists a bialgebra epimorphism end [V] — » A (R) 
in QA. The relationship between K and V will be discussed later. By now, let 
us write V Ih R when they are related. Using geometric language, each object 
end [V] is interpreted as the coordinate ring of a non commutative algebraic 
variety, or quantum linear space, living in the opposite category QA°''. It repre- 
sents the quantum semigroup of endomorphisms corresponding to the quantum 
space V°P. Thus, epimorphism above gives rise to a monic A (R)°^ > end [V]°^ 
enabling us to regard A (R) as the coordinate ring of a quantum subspace of 
end [V]°^. Of course, Manin construction also includes quantum spaces of ho- 
momorphisms ham [W, V] , indicating by W a quadratic algebra generated by 
a vector subspace W. They have as FRT analogue the rectangular quantum 
matrix algebras A(R:§) jSj|2j, in the sense that there exist algebra epimor- 
phisms ham [W, V] ^4 (R : §) leading us to a geometric interpretation as 
described before. § denotes a linear map W ® W W (g) W such that 
W Ih S. Given a basis {wi} of W, the algebras A (R : §) are generated by 
symbols tj = ® € W* V satisfying^ 

K^'tfeC-if^^r; z,J = l,...,dimV, n,m=l,...,dimW. (1) 

These algebras were studied in detail in A, where R and § are Yang-Baxter 
operators of Hecke type. 

This paper was mainly motived by the following question induced by 'inclu- 
sions' A (R : S)°^ ^ horn [W, Vf^: Do the quadratic algebras A (R : §) repre- 
sent homomorphisms between quantum spaces supplied with some additional 
structure, i.e. spaces that are not characterized just by its respective coordinate 
rings ? 

In order to answer this question we encode Manin and FRT constructions, 
reformulating and generalizing the latter, in the unifying language of rigid 
monoidal categories |5j . We show that bialgebras A (R) can be seen as in- 
ternal coEnd objects contained in certain rigid monoidal category (EQA, H), 
the equipped quantum spaces, formed out by pairs 5J = (V; R) with V G QA 
and V Ih R. More precisely, there exists a surjective embedding U : EQA ^ 
QA : (V;R) ^ V, and a related opposite U°p : EQA°p =-> QA°p, such that for 
each pair 2J, the object horn [QJ, QJ] = end [QJ] is functored to A (R). In general, 
coHom objects horn [2U, 23], with 211 = (W; S), are sent to A (R : S). Moreover, 
from the general formalism of rigid monoidal categories follows existence and 
associativity properties of rectangular comultiplication maps defined in "H", and 
also existence of algebra epimorphisms 

hgrjif^p^ [U21J, U2J] ^ Uhom^r^j [W, 2J] , VOT, 53 £ EQA, (2) 

from which previously mentioned 'inclusions' are deduced. We conclude, each 
algebra A (R : §) is the coordinate ring of the space horn [W, 93]°^ G EQA''^' of 

■^We are using the convention of ref. |H| to evaluate the maps M and § appearing in the 
rectangular quantum matrix algebras, instead of the one used in 0. 
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homomorphisms between spaces W°p and 2J°*'. Thus, such spaces are described 
by their respective coordinate rings (i hom [2n, QJ] = A(R:S), U2n and UQJ 
(given by quadratic algebras), and an additional data. We also show EQA is 
equivalent to a category whose objects are pairs (V, M) as described above, in 
such a way that we can write (V;M) = (V,]R) if V is generated by V. Hence, 
we are assigning a bialgebra A (M) = U end [03] to each pair (V, M) in a universal 
way. 

2 Quantum linear spaces 

In what follows Ik indicates some of the numerics fields, R or C. The usual tensor 
product on k— Alg = Alg and Vctk = Vet (the categories of unital associative 
k-algebras and of k- vector spaces, respectively) is denoted by (8>. Vet/ indicates 
the full subcategory of Vet formed out by finite dimensional vector spaces. 

Originally [S], Manin defined quantum spaces as opposite objects to quadrat- 
ics algebras. The latter are pairs (Ai,A), with A e Alg generated by Ai in 
Vet/, such that the canonical epimorphism Af A has as kernel a bilateral 
ideal algebraically generated by a subspace of Af ^. As usual, Af = 0„gNjj Af " 
denotes the tensor algebra of Ai (being Nq = N U {0}). To be more explicit, 
for every quadratic algebra (Ai, A) there exists a subspace R C Af ^ such that 

ker [Af ^ A] = / [R] = Af • R • Af . 

In general, we note by / [X] C Af the bilateral ideal generated by a set X C Af . 
For instance, each algebra A (R : §) defines a quantum space 

A(R : §) = (W* ® V, A(R : §)) . 

The kernel of its related canonical epimorphism is generated by the elements 
given in Eq. The category QA, as mentioned before, has above pairs as 

objects and as arrows (Ai, A) — *■ (Bi,B) algebra homomorphisms A ^ B that 
preserve generating spaces, that is to say, A ^ B restricted to Ai defines a 
linear map Ai — + Bi. 

In ; Manin extended the concept to arbitrary finitely generated algebras, 
i.e. pairs (Ai, A) as above, but without restrictions on their respective canoni- 
cal epimorphisms Af A. We shall indicate FGA the category formed out by 
these pairs. Its arrows are again algebra homomorphisms preserving the gener- 
ating linear spaces. Thus, QA is a full subcategory of FGA. Note that arrows 
a : (Ai, A) — > (Bi,B) in FGA are characterized by linear maps ai : Ai Bi 
such that 

af (ker [Af ^ A] ) C ker [Bf ^ B] . 

In QA, if R and S are the subspaces generating the respective kernels, last 
condition reads af ^ (R) C S. In ^Jj we study another full subcategory of FGA, 
namely CA, the conic algebras or conic quantum spaces. Its objects (Ai,A) 
are such that A is a graded algebra and Ai is its subspace of homogeneous 
elements of degree one, or equivalently, its related ideal (i.e. the kernel of its 
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canonical epimorphism) is a graded subalgebra of Af . Examples of them, beside 
quadratics, are the so called m-th quantum spaces, whose associated ideals are 
generated by a subspace of Af for some to > 2. The latter, in turn, form a full 
subcategory CA"* of CA, leading us to the full inclusions CA™ C CA C FGA. 
Of course, QA = CA^ 

The monoid we consider on these categories is the bifunctor o, given on 
objects by 

(Ai,A)o(Bi,B) = (Ai0Bi,AoB), (3) 

with A o B the subalgebra of A (g) B generated by Ai g) Bi. On arrows, it 
assigns to a and (3, with domains (Ai, A) and (Bi, B), respectively, the algebra 
morphism a o /3 = cx ^ /3\j^^-q. The unit object is X = (k, k) in FGA and 
K. — (k, k®) in CA and every CA™. Let us mention the forgetful functor F : 
FGA Alg : (Ai,A) A preserves the units, since FX = k, but is not 
monoidal. Nevertheless, it is easy to check that algebra inclusions ij^^g : AoB ^ 
A (g) B, related to quantum spaces A — (Ai, A) and B — (Bi,B), define a 
natural transformation Fo ^ (g) (F x F). (Note that F o ;B) = AoB and 
fA ® FS = A (g) B.) That is to say, for any couple of arrows a, /3 G FGA, with 
a : A^ C and /3 : i3 — > 2?, the diagram 



AoB ' . A(gB 



F (a o /3) 



F/3 (4) 



CoD <- ' » C(g)D 



is commutative. When restricted to CA and every CA™, the above natural 
transformation holds, but F does not respects units, because F/C = k*^. However, 
the canonical projection k® ^ k defines epimorphisms p_A : k*^ g) A ^ k ® A, 
with F^ = A, that make commutative the diagrams 



o A c^^rl^ k® (g A » k ® A 



(5) 



A 

Indicating by e the generator of k, then 

k® = k [e] and pA (e" (g a) = e g) a. 

The isomorphisms A i2 k g) A and A k® o A are the functorial isomorphisms 
related to the left unital constraint in Alg and CA, respectively. Of course, a 
diagram analogous to Q but with k on the right is also fulfilled. 

There exist internal coHom objects on each one of this monoidal categories. 
For instance, for A = (Ai, A) and B = (Bi,B) in CA (resp. CA™), they are 
given by graded algebras horn [B, A] generated by B^ g) Ai and constrained by 
homogeneous relations (resp. of m-th order). For more details, see 
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3 The equipped quantum spaces 



Consider A = (Ai, A) E QA and a linear map M : Af ^ Af^. 

Definition 1 We say M is compatible with A, and use the shorthand notation 
A Ih R, if 

ker [Af ^ A] = /[ImM] . 

A pair (^;R) such that A \\- M. will be called equipped quantum space {or 
equipped quadratic algebra) with structure M. If a morphism of quantum spaces 
a : A B, with ^ Ih M and B Ih S, satisfies af^R — Saf^, we say that a 
preserves structures M and S. The category formed out by equipped quantum 
spaces and structure preserving arrows will be denoted EQA. ■ 

From now on, we reserve the name pair only for equipped quantum spaces 
(in contrast to last section where we used it for ordinary ones). 

A simple characterization of equipped quantum spaces is given by the fol- 
lowing result. 

Proposition 1 The category EQA is equivalent to one whose objects are pairs 
(V,M), with V S Vet/ and M : V**^ — > V*^^ a linear map, and whose arrows 
(V, R) (W, §) are linear homomorphisms I : V ^ W such that Z®^ = § ^ 

Proof: The equivalence is defined by functors 

f : (^;M) (Ai,M) g : (V,M) t-^ ((V, V®// [ImM]) ;M) . (6) 

On arrows, fa = ai and gl is the extension of I to an algebra homomorphism. 
If I goes from (V,R) to (W,§), since 

Z®(/[ImR]) = W® •Z®(ImR) -W® = W® ■ (im^^^K) . w® 

= W® • (Im§;®2^ -W® C W®-Im§ •W® = /[Im§], 

then such extension is well defined. 

Natural equivalence f o g i2 id is immediate. The functorial isomorphisms for 
equivalence go f ^ id are given by the algebra isomorphisms A Af / / [Im R] , 
which are well defined provided ker [Af ^ A] = / [Im M] . ■ 

Because of this equivalence, we identify the objects of both categories. That 
is to say, we understand pairs (Ai,E) and (^;IR) as the same thing, indicating 
both categories by EQA."^ Since to deal with pairs (V, M) is often easier than 
to deal with {A; R) , we shall work out our constructions mainly in terms of the 
former. Naturally, they also provide a more direct contact to FRT construction. 

^Note that the category yS defined in formed out by pairs (V,IR) such that M is a 
Yang-Baxter solution of g-Hecke type, is a full subcategory of EQA. 
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3.1 Products and duals 

A monoidal structure and an involution can be attached to EQA in the fol- 
lowing way. Let us consider the canonical algebra isomorphism ^p^^ -yv between 
[VOW]® and 

VoW = fl^ V®"(g)W®", 

the subalgebra of V® (g) W® = V®" W®™ generated by V O W. The 

restriction of w (V (g) W)®^, which we also denote W' given by 

V ®w ® v' ® w' ^ V ^v' ® w' ] Vu, v' e V, w, w' e W. 

We define the bifunctor Kl : EQA x EQA EQA as 

(V,R) X (W,S) (VoW,MKS), kxl^kMl = k(S>l, (7) 

being 

R K S = (pv!w (R ® I + I O S) (Pv,w (8) 
(taking into account the restriction of <^y w)- ^ denotes the identity endomor- 
phism of the corresponding vector spaces. Identifying V o W and [V (g) W]® 

we shall write RK1§«R®I + I(g)§. Straightforwardly, the bifunctor Kl de- 
fines a symmetric monoidal structure with unit object R = (k, O), being O 
the null endomorphism of k®^, i.e. ImO = {0}. The functorial isomorphisms 
T<x!,w ■■ 2JK12ir i= WM^ related to symmetry, with = (V, R) and 2U = (W, S), 
are given by canonical flipping maps V (g W W (gV, v (S) w i— > w (g) v. The 
ones related to unit are isa : v €V i-^ e^v and rsa : v € V v ^ e, indicating 
by e the generator of k. 

Let us define the contravariaiit functor f : EQA — > EQA, 

t : (V,R) h^QJ^ = (V*,R1') = (V*,-R*), : I ^ l'' ^ I* , (9) 

being V* the dual of V, and R* the transpose map w.r.t. the usual extension 
to V®^ of the pairing between V and V*. It is clear that = ff is naturally 
equivalent to idEQA- In particular, ^ 9J, V2J € EQA. The relation between 
Kl and f can be summarized by equations 

(5j m w)^ - Qjt ^ 2nt, ^ ^. 

In terms of pairs (^;R), Kl and f are given by 

(>l;R) X (B;S) (.AKS;RKS), a x /? a K /3, 

and 

(^;R) ^ (^t-Kt) = ((A^At®/7[ImR*]);-R*), a ^ a^ 

respectively, being AM B = (^Ai Bi, [Ai (g Bi]®y/ Im [R m Sj) . The arrows 

P and are the extension of ai (g /J^ and al to an algebra map. The unit 
object for Kl is (/C;0). 
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3.2 The embedding EQA QA 



Now, we study the relationship between EQA and QA as monoidal categories. 
There exists an obvious forgetful functor between these categories. 

Proposition 2 The function [A] M.) ^ A defines a surjective embedding U : 
EQA ^ QA. 

Proof: We just need to show the function is surjective, i.e. given A G QA, 
there exists a compatible map R such that U {A; M) = A. Let / [R] be the 
ideal related to A. Consider a decomposition Af ^ = R © R^, with associated 
projections P such that ImP = R. Since / [R] = / [ImP], then A\^F and the 
proposition follows. I 

On pairs (V,M) the embedding is given by (V,M) ^ (V, V®// [ImM]) (see 
second part of Eq. ©). The surjectivity is up to isomorphisms in QA. The 
functor U obviously preserves the unit objects, in fact 



but is not monoidal. Nevertheless, 

Proposition 3 There exist functorial epimorphisms U (QJ H 211) -» UQ3 o U2IJ, 
5J, Sn £ EQA, defining a natural transformation UK ^ o (U x U). 

Proof: It is clear that, given pairs 03 and 211, we have 

ImRM S « (y3v,w (ImK K §) = 

= Im [M (g) I + I (g) §] C ImR (g) W^^ _^ y»2 j^^g^ 

and accordingly, 

(/3v,w (I [ImK K S]) C (/ [ImM] ® W® + V® ® / [ImS]) n V o W. 

The first ideal in above inclusion is related to the quantum space U (9J Kl 20), 
and the latter to U2J o U2n, since it defines the algebra 



Note the corresponding algebras are quotient of [V (g W] . Hence, for every 
couple 5J, 2n e EQA, we have an epimorphism p<a^w : U (QJ H 2IJ) ^ U5J o U2U. 

By straightforward calculations, it can be checked commutativity of dia- 
grams 



UJ? = U (k, O) = (k, k®/ / [Im O]) = (k, k®) = JC, 



(V®//[ImR]) o (W®//[Im§]) . 



U (2J K 2U) 



U5jo U2n 



U (a S /3) 



UaoU/3 



(10) 



U (XK2)) 



PX,<X) 



UXo U2) 
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for every couple of arrows a : 5J ^ X and (3 : W ^ ^ in EQA. ■ 

This result, together with the ones relating monoids o and Cg), will be useful 
in order to construct the rectangular comultiplications maps. 

4 Rectangular quantum matrix algebras 

Now, the central result. We shall show the following theorem later, in a more 
general context. 

Theorem 4 The monoidal category (EQA, Kl,^) is rigid, and has f as duality 
functor. For every QJ ~ (V, R) in EQA, the evaluation and coevaluation arrows, 
ev<xi ■ 2jt K QJ — !■ .ft and coevf^j : .ft ^ QJ Kl QJ^, respectively, are given by the 
corresponding maps for V in the rigid monoidal category (Vcty, ®,k). ■ 

We can define the internal coHom object related to a couple 2J G EQA 
as horn [W, 5J] = Snjt qj^ and take 

^■v.w = 'r2iT,/iom[2iJ.2j] {coevyo Kl /) ^co : 53 hom [21J, 03] Kl 2IT 

as the (left) coevaluation arrow. Its well known universality property says: 
given £ EQA and : 03 — > S 213, there exists a unique morphism a : 
hom [22J, 03] — + i5 making commutative the diagram 



03 




hom [21T, OJ] K 2IT S)MW 

From and general properties of monoidal categories follow the existence of 
comultiplication 

hom [QU, 03] ^ hom [it, OJ] M hom [W, 11] , Vil, 03, 211 G EQA, (12) 

given by Au.oj.aj = T/iomfgr.ui/iomfu.'ai {I ^ coevsx K /) {IM ^gj), and counit ar- 
rows 

^ev<a --end [03] ^ i^, V03 £ EQA. (13) 

Coevaluations are particular comultiplications. Indeed, since hom [.ft. 03] — 03, 
V03 S EQA, it can be seen that S^,w — A<2]j.<s.,si- On the other hand, if il = 
03 = 2U, Afjj = A<s^<s,<s and esu gives end [03] a coalgebra structure in EQA, and 
(5aj = (5qj.qj makes 03 an end [03]-corepresentation in the same category. 
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We add that arrows (|12ll and satisfy usual associativity and unit con- 
straints, expressed by commutativity of the foUowing diagrams^ 

ham [X, 9J] K horn [W, X] — ► horn [2), 2J] H horn [X, 2)] H horn [W, X] 

(14) 

/ioto[2U,Q3] ► Ziom[2},2J] K/iom[2U,2)] 

M horn [an, 5J] md [<ZJ] Kl /lom [211, 2J] 




feom [25, 2J] 

Consider pairs 2J = (V,M) and 2U = (W,S) in EQA, and take basis {vi] 
and {wi} of V and W, respectively. The image under U of the internal coHom 
object 

horn [25, 2J] = 25^ K 23 (W* ® V, §^ S M) 

is a quadratic algebra generated by W* (g) V and obeying relations / [im ^ Kj . 
Writing tl — (g) Vi, straightforwardly 

Im §^ K M = span [E^' ® - ® t'- §^7] ^ ^ „ „ • (16) 

Comparing (HJ with we have U/ioro [2IJ, 2J] = A(R:S). In particular, 

Uenrf [2J] = A(R). Thus, the algebras A (R : §) (resp. bialgebras A{R)) are 
the coordinate ring of an equipped quantum space with structure R (resp. 
R'l' Kl R), representing the space of homomorphisms from 2IT°^ to 2J°p. 

4.1 Rectangular comultiplication and counit maps 

Now, we are going to construct rectangular comultiplication and counit maps 
defined in [H| for algebras A (R : §). This can be done in steps below: 

1. Apply the functor U to comultiplications given in H12() to obtain the maps 

U hom [25, 2J] ^ U {horn [il, 2J] K hgm [25,11]) . 

2. Compose it with the functorial cpimorphism 

U ( horn [iX, 2J] M horn -» Uhom [it, 23] o Uhom [25,11] . 

*Of course, we have a similar commutative diagram where .S is on the right. 
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3. Apply the forgetful functor F : (Ai,A) i-^ A to this composition. This 
gives us an algebra homomorphism 

FUhom [W, QJ] ^ F {Uhgm [il, XT] o \Jhgm [W, il]) . 

4. FinaUy, compose the latter with the functorial inclusion 

F (D hom [il, 2J] o (J hom [W,U]) ^ fUhgm [il, 2J] ® fUhom [W,U] . 

The resulting maps are precisely the arrows A (R : §) ^ A (M : T) A (T : §) 
defined in [B]. For counits: 

1. Apply FU to the counit arrow e<2j '■ end [V] K given in H13|) . to obtain 
the arrow A (M) k®. 

2. Compose to surjection k® k. 

The algebra homomorphism A (M) ^ k we obtain, together with comulti- 
phcation A{R) A (K) A (M) gives A (M) a bialgebra structure. In fact, 
diagrams l(T^ and ((TB|l . properly combined with Q), (jSJ and (flUll . lead us to 
associativity and unit constraints for arrows 

A (R : §) ^ A (M : T) A (T : §) , ^ (R) ^ k. 

Summing up, we have constructed square and rectangular quantum matrices 
as internal coHom objects in the rigid category of equipped quantum spaces, 
giving a generalization of FRT construction in the scenario of Manin quantum 
groups. 

4.2 The inclusions \Jhgm [W, 5J]°^ ^ horn [USH, UQJ]°^ 

Let us show there exist epis horn [UW, U2J] ^ A (R : §), with horn [UW, UQJ] the 
internal coHom object in QA related to quantum spaces U2n and U5J. As we 
have claimed in the introduction, this is an indication that quadratic algebras 
^ (R : S) represent homomorphisms between structurally richer spaces, w.r.t. 
coHom objects in QA. 

Consider the evaluation map (5qj_2d : 2J horn [20, QJ] K SU in EQA. In 
the previously given basis {vi} and {wi} this map is defined by the assignment 
Vi 1-^ tj (g) Wj , putting again tl = Vi. It is functored by U to an arrow 

UQJ U ( horn [W, 5J] Kl 211) which, composed to the functorial epi 

U ( horn [W, QJ] K 211) ^ Uhgm [2IJ, 2J] o U2n, 

defines in QA another arrow (p : U93 U hom [2U, gJ] o U2IJ, also defined by 
Vi '—^ tl (S'Wj. From universality of internal coHom objects in QA (see Equation 
Hll() '). there exists a unique arrow 

a : horn [U2U, UQJ] ^ (Jhom [W, ^ 
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such that Lp = (a o /) ^um.uani being (5u<33,usaj the coevaluation associated to 
hom [UiZn, UQJ] G QA. Recahing that (since USZU and UQJ are quadratic algebras 
generated by W and V, resp.) hom [U2IJ, U2J] is generated by W* (g) V and 
f^uajjUaj ("f^i) = (8> Wj, then a is the identity on generators. Consequently, due 
to U hom [W, 2J] is also generated by W* V, a is an algebra epimorphism. 

Hence, we have shown: For every couple 211, 2J of equipped quantum space, 
the quantum space hom [USB, UQJ]"'' 'contains' (J hom [20, QJ]°^ as a subspace. 

5 The equipped conic quantum spaces 

Given a finite dimensional k- vector space V GVct/, consider the degree cero 
homogeneous linear endomorphisms of V®, i.e. 

M e EndYct [V®] such that R (V®") C V®". 

Of course, each map R is defined by a family {Rrilngpj^ of linear maps IR„ : 
V®" — > V®". In terms of these endomorphisms, all above constructions can 
be repeated word by word in the category CA. That is to say, we can define 
equipped conic quantum spaces as pairs (.4, M), A G CA, such that A Ih M, 
i.e. ker [Af ^ A] = /[IniR]. We just must change the defining condition 
for morphisms {A,R) ^ (S, S) by af M = Saf, or af"R„ = §„ af " for aU 
n E No- Let us call EGA the related category. It can be shown, the category 
of pairs 2J = (V,R) such that ImMi = {0}, with morphisms given by linear 
maps I such that /"^R = SZ®, is equivalent to EGA. The functors M and f are 
defined by Eqs. 0, and Q. EQA can be seen as a full subcategory of 
EGA by regarding the endomorphisms M : V®^ — > V®^ as the map M2 of an 
homogeneous endomorphism M G Endyct [V®] such that M„ is the null map if 
n ^ 2. This enable us to define the full subcategory of equipped m-th quantum 
spaces EGA™ in terms of pairs (V, R) with R„ the null map for all n ^ m. 

Again, function (V,R) 1-^ (V, V®/ /[ImM]) gives rise to a surjective em- 
bedding U, now in GA, such that the functorial cpimorphisms U (QJ S 2IT) 
U5J o U2n are stiU valid. 

Now, let us prove Theor. 4 in this more general setting. 

Theorem 5 The category of equipped conic quantum spaces is rigid w.r.t. the 
monoidal structure and has \ as duality functor. 

Proof: Consider an object QJ = (V,R). We define the evaluation and the 
coevaluation morphisms, 

ew^j : Qjt Kl 23 and coev^ ■.R~^VOMm\ 

as the usual pairing v®v' ^ (u, v') e and coevaluation of V and V*, respectively, 
being e the generator of k. We must show that they are effectively arrows in 

Y:CA. 
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Note that the tensor product map ev^ defines the algebra homomorphism 
V*oV^k®, 

u^vG V*®" O V®" ^ {u, v) e" e k®", 

where we use v identify the algebras V* o V and [V* (g) V]®. By direct 
calculations (and from the very definition of M^), it can be seen 

ev^ M.''mR = = Oev^. 

To show the analogous equation for the coevaluation map, let us first introduce 
some notation. Let {vi} be a basis of V. Construct for each n G N a basis {vn} 
of V®", being R = (n, ...,r„) a multi-index with 1 < < dimV, Vfc = 1, ...,n, 
in such a way that vn = ® ■■■ ® v^^- Consider also the basis {w^} of V*®" 
dual to {vr} w.r.t. the usual pairing (•, •)^ : V*®" (g) V®" — »■ k. In these terms, 
the algebra homomorphism 

e" G (g) G V o V* 

(sum over repeated (multi)indices is understood) coincides with the map coev^. 
To see that equation 

E Kl M^' coev% = coei;| O 

holds, we just have to prove R / — / (g) R* evaluated on vr (g) is equal to 
cero, i.e. 

[M {vr) (g> - M* {v^)] = 0. 

Writing M.{vr) = R| vs, wc have for the transpose R* (v^) = R|., and 
consequently the left member of equation above is identically cero. So, the 
theorem is proven. ■ 
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